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6. Cayley Matrix units

Cayley matrix units are easily constructed from Cayley-
connected idempoitenlbs. We establish the Zorn Cooerdinalbization
Theorem, which asserhks that an alternative algsbra wilh a Zamily
of Cavley matrix uniits is a Cayley malrix algebra. Ideals in

a Cayley matrix algebra @(%) are precisely all (A for ideals

A family of CS{H'EH meteix units (or simply Cayley units )

in an elternative algebra iz &2 family of eighl elaments 11 Eoapr

) (k)
Bl Bay

a Cayley matrix algebra in I, 1.15: S11f 222 are arthogonal

(k = 1,2,3) which multiply like the matrix units for

; ) . ; z ; :
idempotents and ei.‘ belony to the Peirce space Aiqr such that

NSRS LU TR TR ()

3 — & L~ - J: o
(T} egplea) = eyqr @5y 8y, = €55, &y, a5 0 (k7 2}

(1) _(2) _ _(3) _(2) (3) L) (Z) 1) . .(2)
(I} e15" 235" = @5y”y 873" &3 = &5, egnies’ = ey

) (23 1y (3 _{3) (2) il o1 8 T | (2)
(111} epyieny’ = eph’y @] ey] = e93' . €57 &3]0 = e;q’.

Thus we have threoe scts of ordinary malrix unils &1 c??,

(k) (%)
et A |

sach other ovelically:

which are "orthogonal" to cach other and gencrate

QXD L0 (k) (R

= 4
) By Byt T e By g T KRR
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i (k) (k+1) _ _tk+2) W g
(6.1) (I1) ey, &y, = 8., (k mod 3)
" (RFl) Y o KRR o
{T11h g1 ey = e, [k mod 3)
WARNING: the produck of two e|?‘$ genarales bthe noxt c?l if the

indices arc a gvelic permutation of (123) (inersasing from left

to right), whersas the product of two ezl's generates the

next g5 if the indiges are a cyeclic permutation of (321)

(decreasing from lefit bto right). The situzticon is not symmelric

in Lhe subscripts 1 and 2: the indices go up for thea 91215

and down for the 2.8,
(k) _(k+1) _ _ _(k+1) (k) (k+2)

= : : = recall
B A L 212 (rec

XEL?EL + ?Elle = ), we can summarizs [IT) and (III) in

Sincce o

() [ URFLY . EH2)

7 S bt £ = ] 5y = —] .
(&) (el 20 By iy By (&3 r %91 ]
dm =, n ., WL L S S o) l:.k:'
Other notations for Cayley matrix unils arc fk Sy v
gy = eéfj with multiplication rules
Bigy = eqyr 9% = epyr FiGy = 9,f; = 0 (3 F 5)
= = 2% Sl 1 (oG = L.
fifi 9594 e £1"1+l Yitar 994150 Eies
z o whk] o sk e L 3 . —
oI Cij &5 fij &i3 - gij eij With rules
eialis = EiafL. = giigas = B
;g S T i3 351 ijdii iz
2, f.,. = e..qg.. = £f..q9.. = fF = g, .e.. = S A §
9891 T ®ig%5n T Tig%sn T Tag%ie T 913%91 T Yagtgd
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®19712 T Yoyr 12910 T Eppr Gpa0q5 T Lay

£a1821 = Ty5r 9p1551 T 0yyr €79, = £
3 . 3 -

F.'l_] = Iij = ‘313 Q.

We say btwo orthogonal idenmpolents £1r @, are g+ran3{1

with

Q&ﬂejncnnne=+£i if there are #,v,2 € A12

#ilye) = ey lyz)x = Cy o

They are merely Chﬁlaﬂwcphne¢¢£d if there exisL x,y,% & h12 with
T = 7 P = { invertib i
alyvz) ayq fva)x a,, lag, invertibhle in Aii} .

Notice €y, 8, BTE strongly or weakly Cayley-connected i70 they

are strongly or weakly connected in the ordinary senss by sle-
2

mente 5 and = yz & AT y hecr words cre the

an X e L., and w ye & A7, C A,qr in otacr wor whore the

5 i , . 2 . .
gecond connecting elemenl lies in A rather than merely in &

12 21°
The Strong Connection Lemma 5.1 says thal if = € Byge
Ww = vz & AEJ conneot e and =. then w and az}x = xagé strongly

connect eg and @, (oow = dyqs Wx = azz}. This leads imnediately to

6.2 (Strong Cavlev-Connecticon Lomma) Two orthogonal idempobtents

cyr 2 in an alternative alcehra A are Cavlev-connccted iff

2
they are stronaly Cavley-connected: if xl{vz) = Ayqr
- =i ) = ;] 1 3 % 1 EVE = g2
{vz)x oy for a4 invertible in hii Ehen x'({yz) ey
. =7 =3
2 A N = & i
(vaz)x e for = a,1% Koo
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Just as we can conslruct matrix units e, . Erom tha

[}
-

connecting elements e¢.. and e,, alone, $0 We Can construct

11

Cavley matrix units eiﬁj from the Cayley-connecting clemesnts
W WipeE
5.3 (Cayley Units Construction) If orthogonal Ldempotonts
2,1 e, are strongly Cayvlev-connected by elements X,v.z § F
then
S T Rk Bgm wieag
(1) _ . (2y _ . i3] _ (1 _ . N I [ &
BrRT <@k Eyp T Wy e R By Ggy T YEW S5y° 5 B Bgi TN
form a family of Cayley Matrix units for A.
e ; (k) i and &
Proof. By assumption Llhe e, belong to A 5. and the
(k) . 2 : ] . . =
i 2long = g L £ . Tne Fsrmuti: Formaulas a
e,y Pbelong ta A, inca ﬂ]EC: Ay he Parmuting Formulas (3.9)

and (3.15) say the products x(yz) and (¥z)x are alternating,
in particular invariant under cyclle permutaticons of +he indices
1,2,3, so our hypotheses are cyclically invariant. Therefors

the full set of defining relations (6.1) will Zollow if we ocan

show
ngjcg%} = S, ei}le?g} = ci?}eFl} =0,
i3 13 11 1} Jia 71 13
(1) (2) _ _(3) 0y N

“i 15 w1 I e | SED
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(1) (1) _ (1} (1)
We have ] = =8 tSAuts e S i
ve hav 815 &7 x(yz) ey 1 nd e €.y €q (yz)x
= e, = e,, by the Cayley ion hypothasis; elle 2l
= &, T 8,5 DY tne Layley-connection hypothosis; S
oy ” B ; 2 s ; _
= ¥(zx) = - %xf{xg) = - x°z = 0, since x° = 0 in aIE (or directly
fraom the alternating nature of products x {klE 1ﬁJ], gimilarly
2 1] 2 2 il
2o EFipiti CLY 62 o w08 {2y 61
= 0. By dafiritcion €1, 8y, T OEY % oo 7, and €41 257
(zx) {vz) = {z{xzy)}z (middls Moufang) = {x(vz)lz (bv (3.9))
i3 povam Iz = {3}
=ez=z=¢;" . @

Having discussed how to construct Cayley matrix units,
let's turn to what we can de with them cnce we have tham., From
now on we will be interested chisfly in Caylsy matriz units
which arc Supplewmesntary in the sense that the idempotents

Bqqr EEE dre supplementbary:

We can usc Cayvley unils to reline the Peirce decompositicon.

1y
~k,}

6.4 (Cayley-Pzirce Decomposition] If {Eij ars a supplemen-

tary family of Cayley matrix units for A then we have a

Cayley-Peirce decommesition

(1) 5 a2 923y 6 alD) a2 62316

A =B 12 12 21 fa1 %52

11 o {z

where for i # 9

ﬂFR] = (k} = eF%JA., o,
17 11 ij 1] 3 L7



Proof. Tec show Al {%} . ﬂ.. it suffices by syvmmetry
l 173 lj 11
k ik} " ; k
to show A, ., {} C o.. A.., and this follows [rom A, ek _
i1® i] ey | j 13" 1]
(k3 (i) k) (k) (k) (1) {k) (k)

s B B = = g, q Jelrt e e iy
eii Pys® ) = legyeqp) By 00 =y tlegy Ay le T ICe;
L]‘Y .""l[l.._l.\_ _f:" i‘*';(.:'..lfdﬂg.

Once hik} iz well-defincd we established directnssas.
* B
. f”} s : g — (%)
Sinoce E- = e,.,, we can recaver the gopefficients a.
L] Jl EE Tiid il
; & (k} k) (%) (L)
fron = I o = s e

rom X wRyy el by multiplying by rﬂ xe:“

; (k) (&), { e o {k} 2 ; ( J e -
Lkiaii Eij 11 = lkaiJ (= id 31 = a;;". Thus the co

=l I g (1) (&Y o A 0EY o ome
efficients are unicuce, and the sum ORI ¢ ﬁij i Hij is direct.

=4
To show the A::]'.” span A, ., noute A, . = e, .4, . (. Wl Ll'I:'
i Sl e b ij ik Ry ij J1
1), (12 1) £1) ; R
= = & T i i g £ glter-
{el] l]_e]l + el, (e .1.]' by (3.10) or righ er
. . {l] {l} (1) ;
nativity) A .y where . 234 Fa and
¥ G oRygegy i i1 ™43
. (1) _ {?} 3. L) . (3) (2} Vo 03D
Lij_ﬁljieji = jil: ol B yo= b o {‘a‘_]iﬂi" ] {e 5 ﬁjiJ e_‘i_j
- ; ; (2) {31 fz} AN
(by (3.10) or right alternativity) C 5] Ejj P  RER ) i + A
6.5 (Cayley-FPeirce Crthogonality Telations) The Cayley-Peirce
spaces multiply according to the rules
{k] (k) (k) (2) =
(6.6) l] A]l :Ail i nl;_l A]l 0 (k # L)
(k) (k) _ kY o (k1) o (kt2)
(&.7) ﬁij Aij =0 , Ay ﬁjj Q;Jﬁi

or, in terms of elemsnts,

j3J

id

ji



e QY et
(B8] R e
(k) (k+e), _ {k+2) "
(6.9) {aiieij ]tbiieij ) = £ Eij 2y {Hiibié} {g_g,l}.

Proalf., 8y (6,4) it suffices to prove (6.8) and (6.9).

3 i t L ) .Q.
For the first, nete (a0t @t p..5 = a., (@ Be50p,
R | d1 L1 1l ] g il
if ¥ # L this vanishes since ci“jﬂe:']:%:' = 0; while if k = %
then e{k]-rkj =
iy i ii _
¥ ] ™ 4 £
Tor the second, fa.:HFT}j{ ..uFf}} = {Ea..eﬁ?]}eﬁ.]:b,.
STl o | I B iy St iJ g3

= i (]c}-l:kl'}'_ i g o P by S " =- . F = S )
5Hij S 'diiLii by the Slipping lFeormula (3.8); if k .
e Viiiihes Alnbe sl 1§ it 4B Wi Tedl s
this wvanishes since eij Eij = 0, while if & = k+1 then
!
k) (k+1) (k+2) . ; . S
14 Eij = Lijeji . This estabhlishes the orthogonality

relations.

The Wedderburn Coordinatization Thearsm says that an

associative algebra wilth malbrix unils is a matrix algebra. In

the same way, the Zorn Coordinatization Theorsm saves that an

alternative algcecbra with Cavley malkrix undls is a Cayley matrix

algebra (ie. split Cayley algebral.,

.10 (Forn Coordinatization Thecrem) An alterpative algebra

. - ! . - . . k)
with a supplenentary family of Cayley malrix unils {EF.‘}
¥ ig
. - s rLI r
is a Cayley matrix algehra: & = @C(2) for & = Biq-
Proof. Ws know i = Dyq is associative since associalors

; 1 A 1) (1) _
[Kll'yll"?:ll] kill E'JE_;{} by {(3.13), hepvce kill e{z-]ezl = ey



and so must vanish (or by (3.12) since h12921 All], and it

is commutative sinece by (3.11) commutators [xll,ylll kill

3 (2) _ (D) § (1) _(1) o i
= = & = ; 20 Vanish
851 ©57 = gy s hence kill ejpe,1" = &) Again and &
: 2 T
1 = Jolmc) \ = & . Mhus M 1s a com-
for kill R21 ﬁli and henoc ﬂlEPEI ll] hus is
mutative associative "ring of scalars". We define "coordinate
functionzs" Wé?j: Ao+ 1 by taking ﬂiﬁ} to be zeoro on all Cayley-
Peirce spacss except h;%h. where they zare definsd by
Tyat®ag! = oAy
= oGt Sy | (R (RED) L (R2) y 1
Typl855) = &y57a508577 = egpide, Tlegy Trag,)
[k} (k) _ (k) (k)
Myn bgath = 8550 way
(k} (k). _ (k) (k]
Tar (83170 = ey dgy
Notice that Iy is well-defined: the righl exprescion is

invariant under cyclic permutalions by Permuting (3.%) and

Slipping (3.8) and hence independent of k, and agrees with ths

., 42
TllulﬂTE' E]‘LJIE".:".:.‘LQH #:n-J_ iy B w3} f_,:lli];_|l t {k-t-z}..lzz] zz{hl:k-'_-l } .-J‘i; }_]
= a c{k} by the Slipping Formula (3,8).
22 ;;.] = 3 xi '

In more concrcocts Lerms,

kil BN 6 o o me g

f{] (I} ;
A1 T1a VE13 ®az .y S

(a

g hod B sl }



(6.11)
e k) (k) (%)
i 9 = i d..8 = 1., La
21 8y 899) =a,,. 21 (58070 = Tyylay,)
The relations for a all follow f£rom ﬂ‘k]c{kj = &L .. Those dnvolving
E 11 AR W TEE Ty il = e =
- i T .f"- (k) T < a8 2 -
Hp FRSULLTTOM M T f8y azz‘ = tegq agpleyy g ldyp)
(k) ik} _ k) k)
©13 WRaaCaq ) = g dlagge 21 )
A1l NFEJ ars bijeocticnzg: ©his ig clear faor o [{j is
F i T l_] L Ll k- 4 v 11| -I z r
. § (k) {k} . A o :
3 e = 1 . e b - f v R
the inverse of Ref;}. Ay T A8, Tyy" 15 Lhe inverse of
{(k}, while = L (k) B [%x) has 1lnversc L_ (k] R_ (k). Thus
S57 22 Teye ey ®31 €12
by (6.4} we have a lincar bijecticn w: A =+ Ci) by nta) =
T rii[ajeii + E ij}ka} isj. IL remains to show 1 1s an algebra

homomorphism,
wlah) = wia)rib) .

We may restrict our alblenbion to a, b in Cavley-Pelirce spacss,

leaving us the casc

(i) ﬂ-ifab] = Wii{a}ﬂii{b} (a,b € ﬁii}
% LK) soss . (k) - (k)
{id) Fij (ak) = nii{a}ﬂij (1) [a &£ Bl L E & : ]

(6.12) (iii) wi¥lqap) = o (a) 7. 00 ta€al¥), pen, )

i ij 33 id 53
(iv) 7. lab) = ﬂi?}{ﬂj r;ij{bj 2 e ﬁi?’. b & Aé?l}

(k+2) , . _ (%) (k-+1) TS (kL)
{v) ey {ab Fijﬁlj {3}113 by f(a b be& a 3 }

in view of Cayley-Peirce orthogonality (6.5).
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These are almeos:t immediate from the Cayley-Peirce relations.

Because we have chosen i to be Ay, the situatlon 1s not symmetric

in 1 and j. 'Using (6.4) to express ﬁfﬁ] and (6.11) to express
r?tj, Lhese bhooome
1
(ia)  wpplag ) = @399,
(1ia) “iiﬁf'll[blxpiﬁ}ll = ayby;
.. (k) ) y
LT “21‘{[é§f ArgdBygl = By 4By,
(iva)  myylla e fﬁ}][‘ 1l33 = Bogbyg
k12 x (et 1,
(va)  mys 2 tlayyeyy )l by ey Y = agEy

(ib)  Typlay,0,0) = Tyslay )T, (byy)

el éﬁ}{azz[bzzeét}l} = 1551855)Ty5(By 50
(itib) w3 fgjazz]hzgj = gy fag )Ty, by,
(ivh) whallayze el 1te (3B, 010 = wptag,)uy, thy o)
(vh) “;§+2:t[azg ji]][ 132" ;§+1}]‘ = Typ (Bl Ty (Bag)
jlere (ia) - (va) follow immediately from (6.11), using Pairce

associativity in (iia) and (iiia}, (6.8) in (iva), and (6.9]) in
(va) to gimplify the product ab. Similarly, simplifving alh and
asing (6.1Ll) shows {(ib) - (vb) all reducc to 27 g?hﬁgl —

This latter can be done directly, but a



=] = = Y = Ty =t q : .l:k:lu g 3 {<} I}::I

sneakier prool reduces 122 Lo Tyy uzzfagzﬂzz} = e, 522b22921
{k) (k) __iK) (k) {kJ (k)

T lleyy 350 (Pyses07)) = Mt (e ay,). (byatgp ) by the

Il

) (by (6.111), W

[a.

eshablished case (ival) gz’”ggthzz

Ta2

As in the case of asscciative matrix algebras, tha ideals
of a Caylev matrix algebra (i) can be reduced tc thase of the

coordinate algesbra .

6.13 [Thecrem] Any cnoc-sided ideal of a Cayley matrix algesbra
L () is two-sidad, and the two-sided ideals B are pra-
cisely all @ (A) for A an ideal in &: B = C{A),

A=D1Mh Gl

Proof. Lek B Be a left ideal, and set &4 = BN #1; A is a

left idsal in §, hence by commutativity a two-sided ideal. It

will be more convenient te nete & = {} € 2|ie.. € Bi; ccrtainly
: £ o I = i AF 15 o ideal,
if A€ B M&l then re. eii.’-. & EiiEC LiF B is a left ideal
and conversaely if }'Eii kelongs to B so does hejj =

A3 {1] f?l - - - 3 -
tJl ii e 4 {, !,eii]}] ang 850 also Al Aeii + lhjj-

Clearly @ () = €M1l C §+B Cn. On Lhe other hand

if B containa b = I Eiicii + = ;-_'.:E]_]‘} ]I:_]j] itk alsec contains
(k+1} , {k+2',l {k}
=i Le “a b}} B 1_||':‘.'Lj Cid T

{k}l {le=1) {R+?]. i i
eisl le ST Mg BY}] = eig854040



Ll

since c{ “} ..‘:-J_ = e{'r“:}I {B. - + "““} = _3:;}?}{_’._.“.{4-2}&.”?}
17 o l.l ij J___. 17 1] 1]
+ P.”f'*'.l?;;.,“f:ﬂlgf“fﬂ} = g,.L0 I]'.U (htl) _ RH_I-” (k] 4 ¢ has
L I {1711 ™ 1] ]

(esl), _ 1K) Lo tke2y o (KE2) 2 12) (4)
E.lj o= F’ijhij &, and eij 'I:L_:.jh] ]:I “"Ij“‘]j + F'"ji €44 )
— A {k'l‘:‘} i {{'l".Z} = d has ﬂ[k] [{‘l:.\llj]] -

'"'.j ij B ii =y i R A3

(k) o tl+d) (eI, . N & (k)
[{Jj i [e 43 elj ] = r'J_jEijii' Thus the coefficients E i

and ﬁjj of b all 1lie in 4, and B ﬁf{ﬁj.

This shows B = L () for some ideal A < &, Conversecly,
the multiplication rules show @& (4) is an ideal whenever [ 1s.
Thus II_‘{"‘.} +— fig a lattice isomorphism between the idedls

of (%) aund Lhose of w, B
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T § GGG

| £ ) {
TE qux)} are Cayley matrix units, show a..eFf' = p L] -
17] 11 ".:| 'i:l _]_]
- {P} o Rl e (k)
EEE Hues s o 0 i SR Maew Bl
i = e et B = B U R T x5 €245
. “ _ k), tk) (k) . (k)
(i # 1) show ix..EF. F= S and ®.. =
? o5 T i3 ‘851 %45 i
) a}g} (k) for &Ekj = x,.ﬁ;k}
ii Tig T, N
_ "" LD (k)
snow that the map a.. + A.. hy a¥f, i iz an
11 7 11 '11 1J. J._]

isomerrhiza, independent of %k, which is of peried 2 in the

* &
sense A.. <+ AL, + X,. is the identity man. Show
1L 1= ii
= |* - e 1 P . -
aiixij “1J ¥y For ﬁij [ Aij (1 # 7 alwavs).

Prove the Broposilbion. IF X', ¥', 2' belong to the Peirce

space gij (i # j) relative to an idempotent e, such that
some iefl multiple of x'{y'z2'] is a nonzero idempotent fJ_l

in ﬂii' then thore are idempolbents fl1 E'Al?’ fDﬁ =4 ADU and

K:Erz E .E_Eihfj_-l 'l.‘-rif_h

xlyz) = fl.l. ¢ (¥Fzlx = f:|:|

ac that the Peirce subalgebra _?Lll{f__ll + *EC] has a family
of Cavley malrix unils. (Dually if (y'=z')lx' has an idem-

potont right mulliple) .

Deduce as Corollary, If 1 = @y + e, for completely primitive
R A A ! ] 2
{= division) idempotents e, with &A. nlor A7 AL . #]
B i _.;_1?5 i3Piy 7 O

then i contalne a supwlomentary family of Caviey matrix

units.
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(6.12 ia

the 4.,
i3

Lo brutish atavistic proclivities and verify

vb) directly Irom the original definition of

(k)

[T



